of Probability

Asian Journal of Probability and Statistics

4(1): 1-14, 2019; Article no.AJPAS.49277

Modified Laplace Distribution, Its Statistical Properties and
Applications

F.I. Agu' and C. E. Onwukwe'

! Department of Statistics, University of Calabar, Calabar, Nigeria.
Authors’ contributions

This work was carried out in collaboration between both authors. Author FIA did the written of the work
including the analysis and mathematical derivation while author CEO design the title and ensure well
organization of the work.

Article Information

DOI: 10.9734/AJPAS/2019/v4i130104

Editor(s):

(1) Dr. Oguntunde, Pelumi Emmanuel, Department of Mathematics, College of Science and Technology, Covenant University, Ota,
Ogun State, Nigeria.

Reviewers:

(1) Ionescu Adela Janeta, University of Craiova, Romania.

(2) Bouaouid Mohamed, Sultan Moulay Slimane University, Morocco.

(3) Jorge Eduardo Macias-Diaz, Universidad Autonoma de Aguascalientes, Mexico.

(4) Khong Wei Leong, Universiti Malaysia Sabah, Malaysia.

Complete Peer review History: http://www.sdiarticle3.com/review-history/49277

Received: 15 March 2019
— - Accepted: 31 May 2019
| Original Research Article Published: 10 June 2019

Abstract

Increasing the parameter of a distribution helps to capture the skewness and peakedness characteristic in
the data sets. This allows a more realistic modeling of data arising from different real life situations. In
this paper, we modified Laplace distribution using the exponentiation method. The study proved that the
modified Laplace distribution (MLD) is a probability density function. Some of the basic statistical
properties of the modified Laplace distribution are obtained. We applied the proposed modified Laplace
distribution on two life datasets and simulated data. Parameters of the distributions were estimated using
method of maximum likelihood estimation. The study compared the modified Laplace distribution with
Laplace distribution and Generalized error distribution using Schwartz Criteria (SC) measure of fitness.
The results obtained revealed that the modified Laplace distribution has a better fit than the Laplace and
Generalized error distributions and can be used for more realistic modeling of data arising from different
real life situations. The simulation results obtained shows that as the sample size increases, the
Biasedness and Root Mean Square Error (RMSE) of the proposed modified Laplace distribution reduces.
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1 Introduction

One important family of distributions is the exponentiated family. Many exponentiated distributions have
been introduced in several literatures with the goal to provide a better fitting distributions on data sets than
the conventional parent distributions.

[1] proposed the exponentiated Weibull distribution as an extension of the Weibull family. The statistical
properties of the distribution were derived. The parameters of the distribution were obtained using maximum
likelihood estimation, the distribution was applied on bathtub failure datasets and the result of the study
revealed that the proposed distribution has better fitness than the Weibull distribution when compared using
Alkaike Information Criteria.

[2] proposed the exponentiated gamma and exponentiated Gumbel distributions. The statistical properties of
the proposed distributions were studied and were observed to have similar statistical properties to their
respective parent distributions. They applied the proposed distributions on real life data set and observed that
they were better than the baseline distributions.

[3] study the Asymmetric Laplace distribution (AL) which arises as the limits of sums of independent and
identically distributed random variables with finite second moment and the number of terms are
geometrically distributed and independent of each other.

The AL distribution studied by [3] has fat tail and high peaks just similar to the proposed Modified Laplace
distribution. However, AL distribution has just two parameters while the proposed modified Laplace
distribution has three parameters. It is expected that on applications to real life situations, the modified three
parameters Laplace distribution will perform better because of the additional shape parameter which helps to
capture the skewness and peakness inherent in the data groups and allow a more realistic modeling of data
arising from different real life situations.

[4] Proposed Exponentiated Lomax (ELOMAX) distribution. The moment, moment generating function,
hazard rate function, characteristic function and order statistics of the proposed ELOMAX distribution were
derived.

[5] introduced a modified symmetric version of the classical Laplace distribution with comprehensive
theoretical description. Some of the basic statistical properties of the modified classical Laplace distribution
including the maximum likelihood estimators of the parameters and the properties were investigated via
simulation and the real life applications was demonstrated on three real-world datasets. The results suggest
that further improvement to classical Laplace distribution fitting is possible and the new model provides an
attractive alternative to the classical Laplace distribution.

[6] Proposed the Beta Exponentiated Gumbel (BEG) distribution. The distribution was applied on real life
data. The parameters of the proposed distribution were estimated using method of moment estimation. The
proposed distribution was compared with Beta and Gumbel distributions using the Alkaike Information
Criteria and the result revealed that BEG gave a significantly better fitness than the Beta and Gumbel
distributions and recommend that the proposed BEG distribution be used to model data arising from
different life situations instead of Beta and Gumbel distributions.

[7] proposed transmuted Laplace distribution and applied it on real life data sets. The result of the study
revealed that the proposed distribution provides a better fit than the symmetric Laplace distribution when
compared.
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[8] Proposed an exponentiated F-test for one way analysis of variance (ANOVA) in the presence of outliers.
The statistical properties of the proposed distribution were derived.

[9] proposed an exponentiated Gumbel type-2 distribution and the statistical properties were derived. [10]
Proposed a three parameter exponentiated Sushila (ES) distribution, applied it on life datasets and all these
distributions were found to be more flexible than their respective parent distributions.

[11] proposed Exponentiated-Log-logistic Geometric Distribution (ELLGD) and they observed that the
proposed distribution has a better fitness when compared with the exponentiated Log-logistic distribution
(ELLD) and Log-logistic distribution (LLD). [12] compared goodness of fit for normal distribution using
real life data sets. [13] introduced a four parameter odd generalized exponentiated inverse Lomax
distribution for modeling lifetime data and derived some of its basic statistical properties.

Over the years, researchers have used developed models of this kind in literature to model life situations.
Recently, [14] used the Quade test and the Friedman-Fr test statistics to model the demand and sale rate of
ten brands of drink from store to store in Okuku community, Yala Local Government Area, Cross River
State, Nigeria.

2 Exponentiation Method and the Laplace Distribution

The cumulative density function (cdf) of an exponentiated random variable X proposed by [15] is given by:
G(x) =[F()I* a>0, (1

where F (x) is the cumulative density function of the baseline distribution. Differentiating (1) we obtain the
probability density function (pdf) of the exponentiated random variable X proposed by [15] as

z(x) = a[FC)I*7f (0, @

where f(x) is the probability density function of the baseline distribution. The baseline distribution here is
the two parameter Laplace distribution.

The probability density function f(x) and the cumulative density function F(x) of Laplace distribution
proposed by [16] are given by:

i e(x_Tu) ! if x=p,
PO o e (3)
2b
L) if xsp

F(x) = 4)

1-— le_(x_Tﬂ) if x>u
2
where, b > 0, —0 < x < 0.

b is the scale parameter, y the location parameter.

2.1 The new distribution

Using the exponentiated link function proposed by [15] given in equation (1), we obtain the cumulative
density function (cdf) of the new modified Laplace distribution as:
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2

(1-3e ) x>

(ze”‘;‘”)“, ifx<pu
Z(x) = Q)

where, a, b > 0, —0 < x < o0.

Similarly, using equation (2), we obtain the probability density function (pdf) of the new modified Laplace
distribution as:

1 G=N\®Tl L ew
a(;e b ) € boLif x <y,
z(x) = (6)
(1 1 _(x—u))“—1 1 _(";W x>
a s 3¢ Jif x>,

where,a, b > 0, —0 < x < 0.
a is the shape parameter, b is the scale parameter and y is the location parameter.
2.2 Statistical properties of the modified Laplace distribution

A random variable X is said to have a modified Laplace distribution X~MLD (a, i, b) if the probability
density function is given by

<1 (x—u))“‘l 1w
al=e b —e b ifx<yu,
b ifx<su

2
a-1 1

1 X — (x—p)
“(1‘59‘( b”)) e T x>

z(x) =

where, a, b > 0, —0 < x < .

We wish to proof that the probability density function of the random variable X given above is a density
function.

Let us prove that

f_oowz(x)dx =1. (required)**
Let

)2, 2()dx = [X g1 ()dx + [ g2 (¥)dx, )
where

1 GmmnN\* g @
g1(x) = a(;e b ) Z€ b ifxsuy
- RO Gl U=
) 9:(x) = a(l e ) Se b Lifx>p

We have

o U 1 G\ Gew o S 27 NN ub i R i )

f_wz(x)dx=f_wa<ze b ) € P dx+fﬂa(1—;e T) e b dx.
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Integrate g, (x) first, we have

J¥ g1 (odx = . ®)

Now, integrate g, (x), we have
1
a

Jg2(0dx =1~ ©)

Sum equation (8) and equation (9). The result shows that the modified Laplace distribution z(x) is a density
function since the integral of the pdf is equal to 1.

If X~MLD (a, u, b), limZ(x) = 0as x » —wo and limZ(x) = 1 as x — oo.

Proof

1 x=m\ ¥ .
Je’ ) ,ifx <y,

(1o )

Recall that Z(x) =

For limZ(x) = 0 as x > —oo.

1 (=o—p) @
limZ(x) = (Ee b ) =0. (10)
For limZ(x) = 1 as x — oo.
. _ 1 _e-m\*
imz(x) = (1-2e-8) =1-0=1.

If X~MLD (a, 4, b), limz(x) = 0 as x » —oo and limz(x) = 0 as x - .

Proof
(1 (x—u)>“_1 L G=w ifx<
al-e b —e b ,ifx<y
Recall that z(x) = 2 " Zlb e
1 _ e\ 1 2R
a(l—;e T) e b Lif x> p,
For limz(x) = 0 as x - —oo.
) 1 G\l e
limz(x) = a(;e b ) 2€ P = 0. (11)
For limz(x) = 0 as x — oo.
. _ 1 _ (oo—p) a_li _M_
limz(x) = a (1 —se ) ¢ ° =0 (12)

Hence limz(x) = 0 as x » —o and limz(x) = 0 as x - .

This implies that the modified Laplace distribution (MLD) has a unique mode.
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If X~MLD (a, u, b), the moment generating function (mgf) of the modified Laplace distribution can be
derive as:

By definition of moment generating function,
0

M, (t) = E(e") = [ z(x)e™dx. (13)

where z(x) is the pdf of the MLD defined as

1 G\ @
a(;e b ) € boLif x <y,
z(x) =
1 _(x—u))”“1 R il D R
— e~ X — b
a(l s 3¢ Jif x>,
Let
1 Gy G
gl(x)=a<ze b ) 5€ P e ,if x <y,
1 _(x—u))a_l 1w tx s
= —-e ——= — b
g2(x) a(l se e e Jif x >y,
We have
C=w\* 1 e-w ut
# tx = # l b i b tx = ae
J, g1(x)e™dx f_wa(ze ) p€ P eTdx = (14)

e b edx.

)a—l 1 G
2b

o t _ (™ 1 _ (x—p)
f# go(x)edx = f# a(l—;e ==

Using series expansion

1o @-w\*h ©  TIT (a—i)(—1)re_r(x;u)
(1_53 T) =1+¥la——f—
Let
_ (a=i)(-1)"
O =Ilizr—
Then, we obtain
- tx _ aeMt aett o _r
fu g>(x)edx = 2050 + - Xr=19r (r+1-bt)’ -

sum equation (14) and equation (15) gives the mgf of the modified Laplace distribution as

aekt aeht aett o @ 1
2%(a+bt) = 2(1-bt) 2 “r=l

M. () = T r+1-bt)’

The hazard function of a random variable X is defined as

_z(x)
Fp = 1o (16)

Therefore, using equation (16) the hazard function of the modified Laplace distribution is given as:
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(CID)] , -
a(—e ) 3p¢ P ]
1 <1e("_17“)>“ ’ if x <,
F, = : (17)
L Gt G
a<1—fe b ) 35
a , ifx>p,

where, a,b > 0, —o0 < x < o0,
The survival function of a random variable X is defined as

Sp=1-2Z(x) . (18)
Therefore, using equation (18) we obtain the survival function of the modified Laplace distribution as:

1 G-

1_<E b),“ ifx<upy
S =

' 1—(1—§e‘¥),“ if x>y,

(19)

where, a,b > 0, —o0 < x < .

The cumulant of a random variable X is simply the log of the moment generating function of the random
variable. Therefore,

If X~MLD (a, y, b), then the cumulant [k, (t)] is defined as:
ke (8) = log (M, (1)).

Where M,.(t) is the moment generating function of the random variable. Hence, the cumulant of a random
variable X having a modified Laplace distribution is given by

ke = 109 (st * seiay + 5 Bt O i) (20)
If X~MLD(a, u, b), then the first moment is
M t=0)= 2_“_ E *t3 (ﬂ +b)+ a)r, 0, (2(r+1) + z(rinz)'
2.3 First and second moments of the modified Laplace distribution (MLD)
Recall that the moment generating function (mgf) of MLD is given as:
M, () = 2“(0:;11&) + zgip;tt) !t Zr 19 oo (r+1 bt)’
Differentiating the above equation with respect to t, we obtain the first moment of the MLD as
M, (t=0) = _a_E"' Zu+b)+ aYys, 0, (2(r+1) + 2(rf—1)2)' (21)

The second moment is obtain by differentiating equation (21) and the result is
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v _ u?p 3ub 2b_ ab(u? —3u 1) [~u?b(r+ D) +ub]r+1)2+2b(r+ D[ (r+1)+b]
Mx(t - 0) T 2@q 2042 ' 2ag2 [ (r+1)*

] @

The mean of the modified Laplace distribution is the first moment derived above. Then the variance of the
random variable X having a modified Laplace distribution is obtained as

var(X) = M,(t = 0) — [M,,(t = 0)]?.

w2 3ub 2b ab(u2—3u—1) [-u2b(r+1)+ub|r+1)%+2b(r+ D [u(r+1)+b] [ b
var (X) = Z“a 20g2 | 2@g2 te [ (r+1)* ] [z“ 2%g
a2u+b+ ar=100rulr+1 +b27‘+122 (23)

2.4 Maximum likelihood estimation

Let x4, %5, ..., X, be a random sample of size n from the modified Laplace distribution. Then, the log-
likelihood function is given by:

InL=%",Inz(x; a,b, 1)

Where

1 Gt e ]

a(—e b —e b , ifx;<pu
2 2b

z(x;; a,b,u) =
1 1 _ (x—w\% 11 _Gimw)
— = o Bt il b .
a( 2¢ T ) 26 ° i x>

Hence, the log-likelihood function of MLD is given by

nln()+anln()+(a’—l)2 (Xi;”)+2?:1(x"T_”), ifx<u

mt= nln( )+nln( ) . (x‘b”) +(a— 1)Z?=1ln(1 —;((%)) Jif x>,

24

To obtain the estimate of the parameters «, b and u of equation (24), the solution may not be obtained in
closed form, hence, R software is used to obtain the estimates numerically.

2.5 Quantile function and median

The quantile function Q (p) is derived from the relation:
Q) =Z7'(p). (25)
Hence, the quantile function of the modified Laplace distribution is derived as

u+a tblnp + bln2, if x < p,

= 1 26
o) u—blogZ(l—pE), if x>up, (26)
for,a,b > 0, —o0 < x < o0,

where p —~ Uniform(0,1). This simply mean that random samples from the modified Laplace distribution
can be generated using
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{u +a lblnp + bln2, if x < u
1
u—>blog2(1 —p=), ifx>u

The median of the modified Laplace distribution can be obtained by making the substitution of p = 0.5 in
equation (26) to have

u+ a 1bin(0.5) + bin2, if x < p,

1 — blog? (1 - (0.5)5), if x>, @7

median = [

for,a,b > 0, —o0 < x < 0.
2.6 Order statistics

The probability density function of the jth order statistic for a random sample of size n from a distribution
function Z(x) and an associated z(x) is given by:

hjm(x) = z()[Z()V 71— Z ()] (28)

G- 1) (n !

where z(x) and Z (x) are the probability density function (PDF) and the cumulative density function (CDF)
of the modified Laplace distribution respectively.

The probability density function (PDF) of the jth order statistic for a random sample of size n from the
Modified Laplace distribution is given by:

hyn(x) |
n! 1 @m\% 11 /1 (x ,‘) 1 -0 n-j )
_ o) e G -G s
= n! _(x_ﬂ) a-1 1 e _(x ﬂ) atj-1 _(X—[,l) an—j .
G-De- " (1‘5 ) e [(1 2¢ ] [1- - - )] if x>,

29

The probability density function of the minimum order statistics is obtained by setting j = 1 in equation (29)
to have:

@=w\* 1 e NG Lo
=l (le b) we [1_@6 b)] Cifxsp,
h1:n(x) = ( ) a—1 (x #) C ) an-1 (30)
n! _(x-u 1 1 _ (x-n )
e (1=3e7S0) e 1= SR ] x>

and the corresponding probability density function of the maximum order statistics is obtained by setting
Jj = n in equation (28) to have:

La le(x;u) a_lie(x;#) le(x;u) an-1 ifx <
(n—-1)! 2 2b 2 ! SH

e (-5 ) T e e )T e

(€1

hn:n(x) =

2.7 Entropies

The R’enyi entropy of a random variable X is given by:
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I = ilog(fooo[z(x)]‘E dx). (32)

1-¢

where z(x) is the pdf of the modified Laplace distribution. Substituting equation (6) into (32) we obtain the
R’enyi entropy expression for the random variable X having modified Laplace distribution as.

1 o 1 Gmm\*Tl g ew ) .
;log(fo [a(ze b ) e ] dx ),if x < u,

Ir = / (33)
ilog <wa [a (1 - ée‘%)a_l ﬁe_ (x;”)] dx), if x> pu.
The Shannon entropy of a random variable X is defined by:
n, = —E{log[z(x)]} (34)

(Shannon, 1948)

Substituting equation (6) into equation (34) we obtain the expression for the Shannon entropy of the random
variable X having modified Laplace distribution as:

1 =Nl ew
—Ejlog a(;e b ) 5 P Jif x <y,

_ a-1 (=)
_E{log[a(l—le—(" ”)) Lem b#]},ifx>y_

2 b 2b

3 Summary of the Data Collected

Data used in this study were the monthly exchange rate of Nigeria currency to US dollar and monthly
Nigerian crude oil prices (USD/Barrel) from 2009-2017 which covered a period of 8 years. These data were
collected  through  the  official website ~ of Central Bank of  Nigeria  (CBN
https://www.cbn.gov.ng/rates/ExchRateByCurrency.asp). The choice of the data sets is to demonstrate the
numerical application of the modified Laplace distribution.

3.1 Numerical applications

The three parameters modified Laplace distribution under study with the Laplace and Generalized error
distributions were estimated by fitting the distributions to the data set of monthly exchange rate of Naira to
US dollar and monthly crude oil prices per barrel collected through the official CBN website from 2009-
2016.

3.2 Simulation results

The simulation process used the Monte Carlo method of simulation for different parameter values and
varying the sample size.

4 Discussion

The study proposed a new distribution called the modified Laplace distribution using the exponentiation
method to inject a shape parameter to the existing Laplace distribution. The study proved that the proposed
modified Laplace distribution is a probability density function, some basic statistical properties of the
modified Laplace distribution are derived. The numerical application of the proposed distribution is
demonstrated using two datasets.

10
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Table 1 shows the application of the modified Laplace distribution on monthly exchange rate of Naira to US
dollar. The result obtained shows that the modified Laplace distribution gives the highest value of likelihood
function and the least value of the Schwartz Criteria. The implication of this finding is that the modified
Laplace distribution fits better than the Laplace distribution and the Generalized error distribution on the
data.

Table 2 shows the application of the modified Laplace distribution on monthly price of crude oil per barrel.
The result obtained shows that the modified Laplace distribution gives the highest value of likelihood
function and the least value of the Schwartz Criteria indicating that the modified Laplace distribution fits
better than the Laplace distribution and the Generalized error distribution on the data in all the cases. Hence,
the modified Laplace distribution can be best used to model data arising from different real life situations
than the Laplace and the Generalized error distributions.

The findings above are in line with the findings of [17,18,19,9,20] on the use of exponentiation method to
generate more flexible distributions. All these researchers found that exponentiated forms of distributions

were better than their respective parent distributions which is one of the major finding of this study.

Tables 3-4 shows the simulation results. It is observed that as the sample size is increasing the modified
Laplace distribution fits better with reducing biasedness and Root Mean Square error.

Table 1. Parameter estimates of the fitted probability models on monthly exchange rate of Naira to US

dollar
Models Parameter estimates  Log likelihood (LL) SC
MLD a=4.762x10"1 2405859 —6.816

b=1207x%10"7
i =—6.001x%10"3

LD b =3.401x10"7 2935.4317131 —2.971
i =—6528x10"2

GED a=1.0x10"2 2002940.1 —6.656
b=1.06x10"7
f=2.0x10"2

Bolded values are the highest value of log likelihood (LL) function and the least value of Schwartz Criteria
(SC) measure of fitness.

Table 2. Parameter estimates of the fitted probability models on Nigerian monthly crude oil price per

barrel
Models Parameter estimates  Log likelihood (LL) SC
MLD a=2455x10"1 346683.1 —5.133

b =3.958x 1077
u=-5767x%x1073

LD b=3.633x10"7 343662.2603 —3.108
p=-7970x10"1

GED a=3.0x102 45531.64 —3.360
b=4122%x10"7
f=22x10"2

Bolded values are the highest value of log likelihood (LL) function and the least value of Schwartz Criteria
(SC) measure of fitness.

11
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Table 3. Simulation results for the different parameter values and varying the sample size (n)

n=50,a=1,b=1Lu=1 a b u
Mean 1.05830 1.03650 0.98030
Bias 0.58310 0.03650 0.29700
RMSE 0.20060 0.21810 0.36905
n =100
Mean 1.02630 1.02840 0.99130
Bias 0.31630 0.02840 0.18472
RMSE 0.14210 0.16110 0.29150
n=2 00
Mean 1.00070 1.01560 1.02040
Bias 0.13480 0.01560 0.07400
RMSE 0.09800 0.11540 0.21280
n=3 00
Mean 0.99770 1.00640 1.02180
Bias 0.02830 0.00640 0.04218
RMSE 0.08350 0.09320 0.09140

Table 4. Simulation results for different parameter values and varying the sample size (n)

n=50,a=0.5b=0.5u=0.5 a b u
Mean 0.51460 0.53140 0.50070
Bias 0.71460 0.41401 0.31601
RMSE 0.69020 0.85900 0.41804
n =100
Mean 0.50690 0.51950 0.49880
Bias 0.51250 0.40300 0.30021
RMSE 0.48402 0.55240 0.31510
n=2 00
Mean 0.50060 0.50780 0.50800
Bias 0.50130 0.35140 0.15033
RMSE 0.33205 0.51930 0.28244
n=3 00
Mean 0.49920 0.50370 0.50820
Bias 0.34641 0.22603 0.12950
RMSE 0.27109 0.34739 0.23151

5 Conclusion

This study proposed a distribution called modified Laplace distribution which is an extension of the Laplace
distribution by the injection of a shape parameter. The proposed distribution have been proven to be better in
terms of fitness using both real life and simulated data. The finding showed that the proposed Laplace
distribution can be used in place of Laplace and Generalized error distributions to model data sets arising
from different life situations.
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