) Open Journal of
°°° Mathematical Sciences

Article

Effects of shear deformation and rotary inertia on the
dynamics of anisotropic plates traversed by moving
concentrated load

Olorunsola Oriola Niyi”*, Yomi Monday Aiyesimi?, Mohammed Jiya3, Abdulhakeem Yusuf? and
Gbolahan Bolarin?

1
2

Department of Mathematics, Federal College of Education, Kontagora, Nigeria.

Department of Mathematics, Federal University of Technology Minna, Nigeria.;
yomi_aiyesimi2007@yahoo.com(Y.M.A); yusuf.abdulhakeem@futminna.edu.ng(A.Y);
g.bolarin@futminna.edu.ng(G.B)

Department of Mathematics, University of Gambia, Sere Kunda, Gambia.; mjiya@utg.edu.gm
*  Correspondence: s.niyi@fcekg.edu.ng

3

Received: 13 May 2019; Accepted: 30 August 2019; Published: 19 October 2019.

Abstract: The effects of shear deformation and rotary inertia on the dynamics of anisotropic plates traversed
by varying moving load resting on Vlasov foundation is investigated in this work. The problem is solved for
concentrated loads with simply supported boundary conditions. An analytic solution based on the Galerkin’s
method is used to reduce the fourth order partial differential equation into a system of coupled fourth order
differential equation and a modification of the Struble’s technique and Laplace transforms are used to solve
the resulting fourth order differential equation. Results obtained indicate that shear deformation and rotary
inertia have significant effect on the dynamics of the anisotropic plate on the Vlasov foundation. Solutions
are obtained for both the moving force and the moving mass problems. From the graphical results obtained,
the amplitude of vibrations of the plate under moving mass is greater than that of the moving force and
increasing the value of rotary inertia Ry reduces the amplitude of vibration of the plate. increasing the mass
ratio increases the amplitude of vibration of the plate.

Keywords: Anisotropic plate, shear deformation, rotary inertia, Vlasov foundation, moving force, moving
mass.

1. Introduction

P lates are widely used structures with wide engineering applications in aircrafts, nuclear vessels,

hydraulics, bridges and roads. There has been a great deal of research on the analysis of structures

(shells, plates and beams) with consideration for various factors such as displacements, thickness variation,
stresses, curvature, effect of surrounding media, loads and masses. In particular, the problem of moving
masses and loads over plates and beams has been a subject of investigation in Mathematics, Physics and
Engineering because of its extensive use in everyday life.

Several authors have in particular investigated the effect of shear deformations and rotary inertia on
plates and beams including [1,2] with focus on isotropic plates. There has been very little focus on anisotropic
plates and in particular the effect of shear deformations and rotary inertia, with varying masses transversing
the plates. According to Toorani and Lakis [3], transverse shear deformation plays a very important role in
reducing the effective flexural stiffness of anisotropic laminated plates and shells because their in-plane elastic
modulus to transverse shear modulus ratio is high. Toorani et al. [3] based on Kirchhoff-Love assumptions
opined that shear deformation is more significant in laminated anisotropic plates than isotropic constructions.
The researchers, in [1,2,4] worked on the effect of shear deformation and rotary inertia on anisotropic plates
with consideration for flexural vibrations, wave amplitude and natural frequencies but not on moving loads.
The problem moving loads transversing plates have received little attention unlike the effect of moving loads
on isotropic plates and beams have also been studied by authors including [5-7] have given solutions using
analytic and approximate methods such as he finite difference, Galerkin, Rayleigh-Ritz, transfer matrix and
finite element methods. Kocaturk [8] studied rectangular anisotropic (orthotropic) plates on a tensionless
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elastic foundation and Ozgan [9] modeled laminated orthotropic plate-foundation interaction subjected to
moving load using Vlasov model.

The present study modifies the Mindlin plate model which also incorporates both shear deformation and
rotary inertia. The study employs varying flexural rigidity and varying mass per unit area in order to make
the new model anisotropic.

This study is concerned with the effects of shear deformation and rotary inertia on the dynamics
of moving concentrated masses on anisotropic plate resting on Vlasov foundation with simply supported
boundary conditions.

2. Problem formulation

The general single equation of a plate which considered the influence of rotary inertia and shear on
flexural motions of elastic plates was given by [4]. The elastic Vlasov foundation Q(¢&,#,7) from [10,11] is
given by:

Q(&,1,7) = (k= Gqv)U(E, 1, 7), ey

where k and G depict the foundation modulus and shear deformation parameter of the elastic Vlasov
foundation. Anisotropy of the plate: two mechanical properties of the plate are varying in different directions
on the rectangular plate. The flexural rigidity of the plate D; given by;

28 | 22
Dafen) = (1- 2 +20) (1- 31+ 2 @
and the mass per unit area of the plate y; given by;
282 2y | 252
m(é‘,ﬂ)=m<1—€+ g)(—’“rb”z). ®)

2.1. Governing equation

The equation governing the anisotropic plate is given as;

(Dd(‘;‘r’?)vz - (;u(é,n)ll.z(é‘,n) + Ry > i ) V)U(E, g, ) + HaE R FUE 1, T)

]’lGd oT T2 th ot
PU(E 1,
tpale) PLERD 6 tuge
= Mgd(x — vst)d(y — vyt) | = i+ w2 pa) (242 pveer|u U(é,y,7) (4)
=V S A AT at ax oy AT )

where U(¢, 7, 7) is the displacement of the plate ¢ and 7 are spatial coordinates, T is the time coordinate, Dy
is the variable flexural rigidity of the plate, y; is the variable mass per unit area of the plate and Dy is the
constant flexural rigidity of the plate, y is the constant mass per unit area of the plate. Ry is the rotary inertia
correction factor, G, is the shear modulus, P({, 7, T) is the load, M is the mass of the load ve and vy are the
velocity components of the load.

2.2. Dimensionless form

The following dimensionless variables are introduced;

R
x*ar y*b/ t*to/ (5)
where t; will be specified and
Hd Dy ki3 Mgh? Gyh® Vt at?
= — D = — = — P = = — V = — = —.
}’l ph/ Eh3/ K D ’ 0 D ’ G D ’ 0 I’l ’ ap h (6)

Substituting Equations (5) and (6) into Equation (4) and making some rearrangements yields:
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( yt)  PU(xyt) 2 (U(x,y,t)  *U(x,y,t)

/ / a4u 7 / /

t28x2 at2ay2 ott a 2
*U(x,y,t)  o*U(x,y,t) Py

— Gy ( 32922 + 329y ) = Pyd(x — vgt)d(y — vyt) — Eé(x —vgt)d(y — vyt)

02U (x,y,t) d o 0 o (*U(x,y,t)  *U(x,y,t)
{baatz + (Coat +ao) <8x + By) Ux,y,t) + Vg ( 52 T o )] , @)

where
A I e Tt Lk 1 W
o = ZVO By =1 2x 4242 F, = 1—2y+2y2 F2, = (1—2x +2x%)2(1 — 2y + 2y )

Also the varying flexural rigidity and varying mass per unit area becomes:

D(x,y) = 20(1 - 2x +2x%)(1 - 2y + 21%) o)
p(xy) = 5 (1—2x +2x%)(1 - 2y +2%)
Considering the case (simply supported) with the boundary conditions:
Uy, H) =0=U(Ly,) =0 Un(0y)=0= (1}/,)—0‘f°r0<x<1 (10)
and U(x,0,t) =0=U(x,1,t) =0; Uyy(x,0,t) =0=Uyy(x,1,t) =0; for 0 <y < 1.
The initial condition taken as;
U(x,y,t)|t=0 = Uo, Ue(x,y,t)[t=0 =0 (11)
Uit (%, 9, ) li=0 = 0,  Ut(x,y,t)|t=0 = 0.

3. Method of Solution

The method of analysis involved in solving (7) subject to conditions (10) and (11) requires the use of the
Galerkin’s method to separate variables and reduce the fourth order partial differential equation governing
plates to a set of coupled fourth order ordinary differential equation. Also the Dirac-Delta function is expressed
as a Fourier series Cosine. In order to solve (7), the displacement written in the form:

e}

Ux,y,t) = ), Au(xy)ym(t), (12)

m=1

where Ay, (x,y) are the known eigen-functions of the plate with the same boundary conditions. We obtain the
value of Ay, (x,y) by considering the free vibration of rectangular plates given by;

VA, — %Q; w=0, 13)
where
E2a, =wt (14)
D mtIm — m

Oy, m = 1,2,3... are the natural frequencies of the dynamic system and v, (t) are amplitude functions which
have to be solved. Ay(x,y) are assumed to be products of the function ¢,;(x) and ¢,;(y) which are plate
functions in the direction of axes respectively. Hence

An(x,Y) = ui(x)Pnj(y)- (15)
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Each of these plate functions satisfies all the boundary conditions in its direction respectively. In
particular, these plate functions can be defined respectively as:

¢ni(x) = sin wf—f + A, cos ‘%x + B,,; sinh lf:‘jf + C,; cosh wfix; 16)
(pn]-(y) = sin l%y + Ayjcos lp[’;y + Byjsinh % + Cyjcosh wfiy,

where A;;, By, Cyi, Anj and By, Cyj are constants determined by the boundary conditions. #,; and ¢,; are
called modal frequencies. When the anisotropic plate has arbitrary end support conditions since the plate
under consideration has simple support at all its edges, (16) becomes:

1;7TX n;my

Pni(x) = sin —, (Pnj(y) = sin : 17)
Ly Ly
Therefore the non-dimensional plate function is given as:
¢ni(x) = sinn;mx, 4)71]'(.1/) = sin njmty. (18)

3.1. Transformation of the governing equation

By applying the Generalized Galerkin’s method Equation (7) is transformed to

3| (G2 R ) [0+ Ay 1))

OB s )0+ a0 0] 2 [ 59050+ A3 1)5 0]

+ f;ﬂ(x,y)/\m(x,y)'if"m(f) + b3 FeFy A (X, )i (t) + ZAm(x,mm(t)

- ig [Amxx (X, 1) Y (8) + Doy (%, y)ym ()] + ]25(96 —0gt)6(y — vyt) (3 Am (%, y)¥m(t))

(b3 Am (%, 9) ¥ (1)) + €0 [Amx (6, )G (8) + Ay (6, Y)Gm (8)] + a0 [Aumx (2, 1) Y (£) + Ay (x,y)ym ()]

VG [N (6, )ym (8) + Ay (3, y)ym (1)] = ;Z(jg&(x —0xt)d(y — Uyt)] , (19)
where

Amx(x,y) = aa—x/\m(x,y), Am,y(x/y) = %Am(x,y)
2 2
Ampxx(x,y) = aa?/\m(x,y), Apyy(x,y) = ;?Am(x,y) (20
2 4
g(t) = 28 g (1) = DY (1) = Dl

Using the property of the Dirac-delta functions and expressing it in the Fourier Cosine series (because it
is an even function) as,

1 oo . .
O(x —vxt) = — 1-4—22‘;05]7-[0%1L cos % (21)
Ly = Ly Ly
1 & kmoyt  k
Sy —oyt) = —[1+2 2 cos "y cos 1Y) (22)
Ly =1 y Ly

Multiplying both sides of Equation (19) by A,(x,y) in view of the orthogonality of A, (x,y) and
integrating on Area (A) of the plate yields, the simplified equation:
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d4yp(t) zdzyp(t)
it M

+“%yp(t) + €0

o . e
<101 Ipp +2 2 cosjrw,ciflf11 Ipp +2 2 cos knvytlflem
j=1 k=1

© © . d2 ¢ .
+4 Z 2 cos oyt cos krwytIZLlle) %() + <u1151102 + byIpIsp + 2 Z COS jTTUy (all Ipp + b11i1152)
j=1k=1 =1

(o) [0 [e¢] .
+2 Z cos knvyt(allmlffz + b1101152 Z Z cos jruyt cos kot (a11] L]fz + b11i11§2)>
k=1 j=1k=1

dy,(t ad ) ‘
X <c0 ]/Eil’t( ) + ﬂoyp(t)> + g ((a% + b%)l[)lloz +2 Z(a% + b%) cos]nvxtlilloz
j=1

+2 Z a2 + b?) cos krro I, oy + 4 E Z a3 + b}) cos jrroxt cos kot I§2> yp(t)]
k=1 =1 k=

= Po sin n;7tot sinn;wo,t (23)
#oDs3Ip111p12 e I

where ; , s . B
€= Loug =B M=F
B1 = Ds fol f01 Fyy sin p;rtoxt sinn; oyt sin pjmroyt sinn;moyt dydx
By = Dylp11lp12 + Ds (a3 + b?) Log hgo + D (a2 + b3) Io1 Ioa
B3 = —Dy,(a3 + b7)Ip11 oz — D74(a3 4 b3) o1 iz + Dilor loz — D (a1 + b3) Iot oz

by
Ds = Ho’
Dy = b3,
Ds = h%],
D6 - ggl
D; = ]7;,
k
f
Dk —_ @,
D¢ = Hg (24)

Ip1 = [y sin pyexsinnmx dx,
Ipp = [ sin pjy sinn;my dy
L]H = fol sin p;7tx sin n;7tx cos jrx dx,
I = fol sin p;7ty sinn;my cos kmty dy
Isy = [, cos pimx sinn;mx dx,
I = fol cos pjrry sinnjty dy
Ié1 = fol COs p;7Tx sin n;7tx cos jrrx dx,
I, = [} cos pjmty sinnjmy coskmy dy
Ipn = fol(l — 2x + 2x2) sin p; 7t sin n;Tx dx,
Ipp = fol(l — 2y 4 2y?) sin pjrty sinn;jy dy.

Implementing the integrals above and substituting into Equation (23) yields;

dty, (t €0 d2yp(t dy,(t , ,
Z:‘f ) + ( 24 ZO> Zfz( ) + coeoA? ygt( ) + (a3 —I—eOA%)yp(t) = Pysinn;mtxsinn;my, (25)
where
A2 — ay [(pitni) (=1)Pi~ " = (pi—n;) (=1)Pi i —2m;] i b [(pitn) (=1)Pi~"i = (pi—n;) (=1)Pi T —2n;]
e an(p—n}) ar(pF—n?)
i Y2 cosjmoxt | a it + %):‘” cos ko, t -
=0 O8It \ O [ ] ) TR Tk "\ e <p]+n) Hk 0 -]
A2 =aA2 — w
_ P
Pf - H0D3I;111312'

(26)
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Equation (25) is the transformed forth order differential equation which represents the problem of anisotropic
plate on Vlasov foundation with simply supported boundary conditions. We consider two possible solution
cases.

3.2. Case I: Moving force

An approximate model of the differential equation describing the response of anisotropic plates on Vlasov
foundation is obtained by neglecting the inertia term ¢y = 0. Hence Equation (25) becomes:

2d2yp(t)

d*yp (t)
+ o T

dtt

+ tx%yp(t) = Pysinn;mx sinn;my. (27)

Subjecting (27) to a Laplace transform we us initial boundary conditions (11) yields;

p
U(x,y,t) Z Z <2f<(w2 _0%>1<w2 _92)[(1‘72 92)(c0591t—c0ssz2t)

ni=1n;=1 wfl - wfz 2 2
1 2

- (wj%z — 07)(cos b5t — cos wet)|( — 63)(cos 61t — cos weit)

, ;7T
- (wj%l — 62)(cos Ot — cos wflt)]) + [(a? — wJZQ) coswpyt) — (a3 — wjzcl) cos wf1t)]y0> . ”zlﬂx sin 1Y

4

Ly
(28)

which is the transverse displacement response to a moving varying force by a simply supported anisotropic

plate on a Vlasov foundation.
=1
=3 ["‘1 ,/ 4042} } 29)
1
2

3.3. Case II: Moving mass

We consider the moving mass problem where the inertia term €p is not neglected. And Equation (25)
remains;

dyp(t)
2%7p

dy,(t A2y, (t
Yp(t) + (zx% + 64—0> yp(t) + (a3 + €0A3)yp(t) = Pysinn;mx sinn;my. (30)

dtd dt?

To solve (25), we use an approximate analytic solution a modification of the asymptotic method due to

Strubble’s technique as used by [12-14]. To this end, a modified frequency corresponding to the frequency of
the free system due to the presence of the effect of the moving mass is sought by using:

Ay, ()
df2 + ocfnnyp(t) =0, (31)

where
o 1 (22002 — 1) €9 (02 — A2 32
K = & o aq(eg —1) + — (a3 ijay) (32)

&yn is called the modified natural frequency representing the frequency of the system due to the effect of the
foundation. Hence, Equation (30) can be rewritten as:

A2y, (t)

d4y, (t
y”()Jr a2 + a5y p(t) = Py sinnmx sinn;my. 9

dt4

Solving (33) using Laplace transforms method subject to initial boundary conditions (11) yields:
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SRR Py 1 2 2
Uxyt)=Y, ) ( [(wyp — 65)(cos O1F — cos wypt)
ni=1n;=1 Woy — Whp \ 2 ((wﬁa — ) (wy, —03) "
1
— (w2, — 62)(cos Bxt — cos wppt)] — ( [(w?,, — 63)(cos 61t — cos Wy t)
m2 1 m (wgnl — 9%)(&)3’11 — 9%) ml 2 m
n;7
— (w?,; — 63)(cos Ot — coswmlt)]) + [(1 = w? ) coswpit) — (1 — w? ) coswmat)]yo ) sin n,lnx sin /l y,
X Y
(34)

which is the transverse displacement response to a moving varying mass by a simply supported anisotropic
plate on a Vlasov foundation. Where

> _ 1[0
why =g [ — /1 —4az, (35)
wr, =302+ \/1—442,

3.4. Resonance

We consider the resonance which takes place when the displacement of the vibrating structure becomes
unbounded. In actual practice, when this happens the structure would collapse as the intensive vibrations
causes cracks or permanent deformation in the vibrating system. Therefore, the conditions under which the
solutions (28) and (34) grow without bound are investigated. The anisotropic plate traversed by moving force
in Equation (28) will reach the state of resonance whenever:
wyp = Orandwp, = 6 } (36)
Y/Ufz = Qzandchz = 92.

Similarly, Equation (34) shows that the same plate under moving concentrated mass will experience
resonance effect whenever:

Wy = Orandwyy = 01
37
W1 = 92andwm2 = 92. } ( )
From Equation (35)
1 1
5 [a%\/lélzx%m} -5 [a%+\/14a%m} =0. (38)
Hence
1
Xmn = i§~ (39)
Similarly from 29
11> LR
2{%\/&‘1140(%}2[a1+\/a%4a§}zo. (40)
Hence

= 420, (A1)

1
207

a3 + 202 — eplan — 2A;;
a [ 2772 03( 27280 ) (42)
8as

Now, from Equation (32), we have ay,, = ap [1 - L (al( -1)+ 3 (a3 — Aija%))]. And
2




Open ]. Math. Sci. 2019, 3, 310-321 317

From equation above, it is evident that for the same natural frequency, the critical velocity for the system
of the plate moving force is greater than that of the moving mass problem. Thus, for the same natural frequency
of the anisotropic plate, resonance is reached earlier in the moving mass than in the moving force system.

4. Discussion and Analysis

A rectangular plate of breadth Ly = 0.456 and length L, = 0.946 was used as sample to carry out
numerical experiments on the dynamics of the anisotropic plate. The velocity of the plate was assumed to
be 0.8m /s and the Young’s modulus E = 1 X 109kg/m2.

A comparison of the displacement of structure-load force and structure-load mass system of anisotropic
plate on Vlasov foundation is given in Figure 1 showing a larger displacement for the moving mass system.
While Figure 2 and Figure 3 show the effects of Rotary inertia (Rg) on the anisotropic plate for the moving

force and moving mass problems respectively. In both cases, increasing Rotary inertia (Rg) reduces the
displacement.

0 01 02 03 04 05 06 07 08 09
Titna(s)

Figure 1. Moving Force vs Moving Mass

A ©— Ro=0.00
FARN Ro=0.025
/ Ro=0.1
) |

w Lixy,n
B
P

g

isp
2
i

[
5 S

0 01 02 03 04 05 06 07 08 09
Time(s)

Figure 2. Effect of Rotary Inertia on Moving Mass

A —&—Ro=0.00

n VAN ———Ro=0.025
4 % Ro=01

0 01 02 03 04 05 06 07 08 09
Time(s)

Figure 3. Effect of Rotary Inertia on Moving Force

Figure 4 shows the effect of mass ratio () on the anisotropic plate for different values of (ep), increasing
the mass ratio increases the displacement.
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Time(s)

Figure 4. Effect of Mass Ratio

Figure 5, Figure 6 and Figure 7 are surface plots of the effect of shear modulus G on the anisotropic plate
for G =0, G = 2000 and G = 6000 respectively. Where Rg = 2.4, k =10, Gf =7.7

Figure 7. Shear Modulus(G) = 6000

The effect of rotary inertia (Rg) on the dynamics of the anisotropic plate on Vlasov foundation are shown
for different values in Figure 8 Figure 9 and Figure 10 when the mass ratio (¢p = 0.5)
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y ez : ¥ axis

Figure 8. Rotary Inertia(Ry) = 0.01

Figure 10. Rotary Inertia(Rg) = 0.025

Figure 11, Figure 12 and Figure 13 are the surface plots showing the effect of three different mass ratio
(€0) on the dynamics of the anisotropic plate on Vlasov foundation where Ry = 2.4, frequency = 200Hz.

¥ s ¥ axis

Figure 11. Mass Ratio(ep) = 0.00

Figure 12. Mass Ratio(ep) = 0.01
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Figure 13. Mass Ratio(ep) = 0.025

5. Conclusion

The effects of shear deformation and rotary inertia on the dynamics of moving concentrated loads on a
rectangular plate with varying flexural rigidity and varying mass per unit area is considered in this study. The
plate is resting on a Vlasov foundation. The fourth order partial differential equations which describes the
system is reduced to a system of coupled fourth order ordinary differential equations using a method on the
separation of variables. A approximate analytic solution to the problem for moving force and moving mass is
obtained using a modification of the Struble’s technique and then Laplace transform method. Results obtained
from the study indicate that shear deformation, rotary inertia and mass per unit area had significant effect on
the dynamics of the anisotropic plate transverse by moving load. The results also indicate that the amplitude
of vibrations of the plate under moving mass is greater than that of the moving force for same values of shear
modulus and rotary inertia. Results obtained in this study is consistent with results obtained by [6,14-16].
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