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Abstract: In this work, we study the small oscillations of a system formed by an elastic container with
negligible density and a heavy barotropic gas (or a compressible fluid) filling the container. By means of
an auxiliary problem, that requires a careful mathematical study, we deduce the problem to a problem for a
gas only. From its variational formulation, we prove that is a classical vibration problem.
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1. Introduction

he problem of the small oscillations of a heavy homogeneous inviscid liquid in an open rigid container
T has been the subject, from the pioneering work by Moiseyev [1], of numerous papers, that are analyzed
in the books [2—4].

The same problem in the case of an elastic container is studied in the book [5]. Recently, we have solved
the problem of the small oscillations of an heterogeneous liquid in an elastic container [6].

In this work, we study the problem of the small oscillations of a system formed by a heavy barotropic
gas (or a compressible fluid) and an elastic body with negligible density, circumitance that can happen in the
transport of fluids. At first, we establish the equations of motion of the system body-gas and the boundaries
conditions. Afterwards, introducing an auxiliary problem, that requires a careful mathematical discussion,
and that is the problem of the motion of the body when the motion of the gas is known, we show a linear
operator depending on the elasticity of the body, that permits us to reduce the problem to a problem for the
gas only. From the variational equation of this last problem, we prove that it is a classical vibration problem.

2. Position of the problem

We consider, in the field of the gravity, an elastic body with negligible density, that occupies in the
equilibrium position a domain ()’ bounded by a fixed external surface S and an internal surface . The interior
) of this surface is completely filled by a heavy barotropic gas.

We choose orthogonal axes Ox;x2x3, Ox3 vertical directed upwards and we denote by 7 the unit vector
normal to the surfaces. We are going to study the small oscillations of the system elastic body-gas about its
equilibrium position, in the framework of the linear theory.

3. The equations of the problem

3.1. The equations of the elastic body with negligible density

Let 7'(x;) the (small) displacement of the particle of the body from the natural state to the equilibrium
position. The equilibrium equations are:

aailj(ﬁ/) . O (i
0= ax; in (i,j =1,2,3) (1)
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Figure 1. Model of the system

and the boundary conditions are
ﬁf =0 ; U{j(ﬁ’)nj = —pon; on X%, )

where py is the pressure of the gas in the equilibrium position and where we have set:

! (7 ! s R IR ;R 1 afl; aﬁ;‘
oy (') = A'oydivit’ + 2’ ej; (') ; e (i) = 5ot am
] i

A" and ' are the Lame’s coefficients; o7,

i (@) and egj(f_[’ ) are the components of the stress tensor and the strain

tensor respectively.
Now, let i’ (x;, t) the displacement of a particle from its equilibrium position to its position at the instant

t. We have .
! (Al =/
0 aai]-(u + ')

Q/
aX]‘ m
and consequently
= in ,
ax]'
and in the same manner
17[‘/5 =0. 4)

Let i (x;, t) the displacement of a particle of the gas from its equilibrium position to its position at the
instant t; we must have the kinematic condition:

/!
Upz = Un|z, ®)
where we have set u;,, = il - ii.

3.2. The equations of the barotropic gas

Let p*, P the density and the pressure of the gas that are related by
P—2(0), (6)

where & is a given smooth increasing function. If p is the density in the equilibrium postion, we have

po =2 (po)
and the equilibrium equation
— N
gradpg = —pog¥s3 (7)

Then, pp and pg are functions of x3 only and we have

chgi;@ = —po(x3)g - (8)
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Setting classically
g (x3) = 2 (po (x3)) , ©)

we obtain
cg (x3) po (x3) = —po (x3) § - (10)

It is a differential equation of the first order that must be verified by pg (x3). The equation of the motion
of the gas are, besides (6):

pil = —ﬁiP —p*gX; (Euler’s equation) in Q, (11)
aap r +div(p*if) =0 (continuity equation) in Q. (12)

Since, we study the small motions of the gas about its equilibrium position, we set

P =po(x3) +p(xit) +---

The g and the dynamic pressure p are of the first order with respect to the amplitude of the oscillations,
the dots represent terms of order greater than one. We have, at the first order

90 .
a—‘t’ +div(po(x3)ii) = 0;

integrating between the datum of the equilibrium position and the instant ¢, we have

5= —div [oo(x3)7] - (13)
Using (6), we have
po(x3) +p+---= P (oo(x3) +p+--)
and then
p = —cg(x3)div [oo(x3)i] . (14)
The Euler’s Equation can be written
= — . — =
poii+--+ = —grad(po+p+---)— (oo —div(poif) +---)g¥3
— o o
= grad (COdIV (pou)> + ¢div (poid) X3+ - - -,

and, using the equation (10), finally we get

_ [ cjlx3)
= grad <Po(x3)

=

div (Po(x3)ﬁ)> , (15)

which is the equation that contains i/ only.

3.3. The dynamic conditions on the surface X;

Let M a point of 2. We denote by Mg, M the particles of the gas and of the elastic body that are in M at
the instant t = 0. These particles come in M/, M, on X at the instant f:

— ——
MM, =i ; MM, = ii’
In linear theory, we admit that the unit vectors normal to X; in Mé’ and M are equipollent to the unit

vector ii normal in M to ¥ and that the pressure of the gas P in M, is equal to the pressure of the gas in M,
intersection of X; with the normal in M to X.
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Figure 2. Configuations of ¥ and X

The dynamic conditions on X; are

Ul-’]-(ﬁ’ +it')ynj = —P(M', t)n; .

Or, using the second condition (2):
oy (@' )nj = —[P(M,t) = po(M)] -n;  on X.

We have
P(M',t) = P(M + uysfi, t) = P(M,t) + gradP(M) - ttzfi 4 - - -

—
Since u,,|y. is of the first order, we can, in linear theory, replace gradP(M, t) by
— .
gradpy = —00 8%3 ,

so that
P(M',t) = P(M, t) — pog Uy|s, N3jz + - -~

and finally
of;(i')nj = [~p(M,t) + po &n3jz Uyslni  on T.

Let us call ?t (i) x the tangential stress and T, (i) iz the normal stress; we have

?t (77‘,)\2 =0 ; Ty (7«7')‘2 = —P|z 1 Po|s8M3|x. Un|x -

4. The auxiliary problem

Step 1.

We introduce the following auxiliary problem:

aa;j(a")

axj

. / —) /! =/
=0 in QO ; 0, =0 ; wyy=tys ; ?t(u)m:o,

(16)

17)

(18)

where u,, 5 is considered as a datum. It is the problem of the motion of an elastic body when the motion of the

gas is known and we seek the solution of this auxiliary problem in the space.

(1)

L) & {ﬁ’ czl() ¥ [Hl(Q’)r; iifg = o} .
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Then ”;\z € H'/2(X) and consequently, we suppose that Uyz € HY2(%).

Step 2.

— ~
Let ® an element of Z! (') such that D5 = Uyx € HY2(%).

In the following, we will see the construction of such @ . We denote by V; the subspace of 2 (Q)

by
Vo = {50 S @1(0/) 7 Oonlz = 0}
and we seek the solution i’ of the auxiliary problem in the form

o = . o
u':d>+vo.

The auxiliary problem (18) becomes a problem for iy € Vj:

—
oo’ (ilp) 9ol (P)

j ij . ) —0 - =

- ox; = ox, in Q ; Uppg =0 ?t (ifp)

=

Let us seek a variational formulation of this problem. We have, for each 7y € Vj:

N -
R I B
, ax] 0i - ax] 0i

or

or, using the Green’s formula and denoting by fle, the external normal unit vector to 9():

_/ l](uO)ne]vOl ds — / ij uO neJUOI dZ—I—/ 1] uO)e (5 )dQ,

= —?t(ahz-

") defined

(19)

The integrals on S disappear since Uy s = 0 and the integrals on X disappear by virtue of (19). The

variational formulation of the problem for iy is to find iy € V} such that

= % > —
/Q, ol (i) el (Fo) Y = /lafj(cb)egj(vo)d()’ Vao € Vg .

Conversely, let iij a function of ¢ with values in V) and verifying (20).
We have

97, (o) DoAY = i[a’ (ilo)doi] — ot (ilo )€l (To) | QY
Jor ax]- 0i - o ax]- ij\*0/v0i ij\*0/)€3j\00

and an anlogous equation by replacing 1y by 3.
Using (20), we obtain

. -
a0t (o) o(®) )
-/ ax D dQY + / (o) NejOg; A = o ax; D dQY — / nejvoi dx .
Taking 7 € [2(QY)]° C V,, we have
%
oo (il ool (P
_ 905 (i) _ % ) in 2(Q).

ox;

j ax;

]

(20)
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Taking into account of vy, 5, = 0, we have

N\ = =\
A?t(uo)'UOt‘ZdZ:—‘/Z?t(q))'voﬂzdz,

and, since ¥y, y is arbitrary

?t(ﬁo)\z = _?t(Eﬁ)‘Z

and we find the auxiliary problem.
Let us return to its variational formulation (20). The left-hand side can be considered as a scalar product
in Vp:
/ of;(ilo)ei;(o) AQY = (1o, Do)y,

The associated norm ||iy ||, being classically equivalent in V} to the norm ||ify||; of ENQY). Since ity €
Vo C E(QY), we have

(ifo, Do)y, = /,‘Ti/j(ﬁO)e;j(?_}O)dQ/ = (10, o)1 (cy)
Setting ¥y = iip, we have

||1’T0“V0 = ”ﬁOHEI(Q/) Vﬁo eV.
The variational Equation (20) can be written as

. =
(MOIUO)VO = - <®’UO>§1(

(21)
But, we have

%
(@.5),

B10r) is a continuous antilinear form on V;.

<H$

o 1 0oy IFoll

%
so that — (CID,?_J'O)

Then, by the Lax- Milgram theorem, the precedent problem has one and only solution. Therefore, the

problem (20) has one and one solution iy € V) and the auxiliary problem has one and only one solution i’ in
Z1(Y). The Equation (21) can be written

(1/_[/, 50)31(0,) =0 VZ70 eW

and the solution ii’ of the auxiliary problem belongs to the orthogonal of V; in Z! ().
Step 3.

- . = . = . .
The solution i’ of the auxiliary problem does not depend on ®, since @ is not in the terms of the problem.
We are going to use this remark for giving a estimate of ||if’ || B1(0):

= . crs 5. A
We take, for @, a continuous lifting of u, 7 in ENQY); we have

%
Hq) B () Sc‘u”‘leW(Z) (€>0).
We have
S < 3 -
(o, 50y | < | @], gy, 10y,
and then
_)
i, <||®
||u0||VO H El(o/)
and finally

liolly, < c|

u
"|Z‘ H/2(x)



Open J. Math. Sci. 2019, 3, 331-342

337
For the solution i’ of the auxiliary problem, we have

_>
il = ﬁ(] +
and then

17 Iz 0y < 2¢]
Step 4.

Mn|2‘ H

12(z)

(22)

Finally, we study T, (ii’) 5 that is in the second dynamic condition (17) of the problem. We are going to
show that it can be expressed by means of u,,x. The solution i’ of our problem verifies

-0 i !
ax; =0 in O.
Let @ an element of E'(Q)'). We have, by Green’s formula and zf)i ¢=0:
8(719(17{'/) = / /(2 = N AV /
0:_// T - w; dQ) :—/Z(fij(u )nejwidZ—i—/ oy (i )ej;(@') A’ .
)
Since the solution i

" of the initial problem verifies Ty (it )|>: = 0, the precedent equation gives
/ /

[ oj(it)el(@) aey = - /Tn

=/
Z wnlz dx ,

v e E(QY).
On the other hand, if 7 € [2((Y)]?, we have

a0 (i) > 70
0=—(—2 20t} = [ ah(i)5tdoy
< aX] ! /

x;
by virtue of the definition of the distributional derivatives. Therefore, we have

(23)

) S =) 3

/Q Al(il)el(@)d =0 ¥ € [2()]
and by density
/ ol (il)eli(F) dQY =0 ¥

EN().
Now, we are going to partlculanze @'. Let call w!
and let take for @' a lifting of w’ |

h
n|x

a function defined on X and belonging to H!/2(%)
it in E1(QY’) (so that we have @’ |

_ /
s = wn|z). We set

e(ﬁ/):/ﬂ/ag(u) el,(@') deY .

(24)
Since the difference between lifting belongs to E!(Q)'), the right-hand side doesn’t depend on the lifting
@'. Therefore, ¢ depends on w!, |z . Let choose for @' a continuous lifting of w’ |>:” for this lifting, we have

1 [l g1 ey < & Hw;\zﬁH

(H72(x))* 7 (& >0)
and, if the components of 7 are sufficiently smooth

1|

/
gy P Hwn\z‘
But, we have

H1/2(2) / (‘B > 0)

[e@)] < (i ]|a
and consequently

Bl Hﬁ’/ g

El(y)
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(@) <@

/
ey [[@hs () (25)
Then, since ¢ depends on w, nlz it is a continuous antilinear functional on H'/2(X), i.e an element of

[H v 2(2)] . Taking into account of @’ Az = w;‘z, the equation (23) can be written
/ZTn(ﬁ’)|E @ ds = (@),

!
so that the normal stress T, (ii') |z, can be considered as an element of (H 1 2(2)) . Therefore, we have

‘<T”( ) ”|Z>(H1/2(z)) JHL/2(%) HQ) Hw \2‘ H/2(x)
Vs € HY3(Z),
and then
17 ey < B 17 )
Using (22), we obtain finally
HTH(ﬁ/)H(Hl/Z(Z))' <9 ‘ “n|z‘ H1/2(s) (6 =2cp).

~ /
Consequently, there exists a continuous linear operator T from H'/2(X) into (H 1/ 2(2)) such that

Tuyy = —To(il'))5 - (26)

So, we have expressed linearly T, (i') |z, by means of u,s. The linear operator T depends on the elasticity
of the body. We are going to prove that it has properties of symmetry and positivity. We introduce the
analogous problem: to find # € E1(QY) verifying

ol (il") .
]

In (23), we replace @' by i’ and we have
//a;](u Jel; (i) dY = /ZTn(ﬁ/)p: Ty dZ = (Tutyps, )
and since a;m = ily|z:
! (= =/

[ (@) a0’ = (Tuyys, i) -
Inverting roles of ##’ and #’, we obtain

|| o) a0 = (Tiys,ys) -
By virtue of the classical symmetry of the left-hand side, we obtain the property of hermitian symmetry

<Tun|)lr ﬁn\2> = <Tﬁn\2/ un|2> .

Now, setting 7’ = i/, we have

(T igs) = [ oh(@)eh(@) A = |7y
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By virtue of a trace theorem, we have
=/
‘ ”n|2‘ HI/2(5) <Cla H@(Q’) (€>0).
so that we have 5
o -2
<T”n|2r“n\2> 2C ‘ ”;m‘ H12(5)
and, since u/, £ = Unlzs the relation of positivity
- 5 2
<Tun|21un\2> >C ‘ un|2‘ HI/2(z)
The second dynamic condition (17) can be written as
Pz = Tuys + 008 M3)s Uy|x (28)
(29)

So, we have reduced ou problem to a problem for a gas only
cf (x3)div [po (x3)7] )

it — grad
—8 po(x3)

(30)

— cgdiv (poil) 5, = Tity)s + 0|8 M3z Unjx

Afterwards, the auxiliary problem gives ii’, i.e. the motion of the elastic body:.
5. Variational formulation of the problem
We consider a field of a admissible displacements i (x;), smooth in Q) and such that i = grad . We have

dQ

patl}

— ( 2div (poif)
d =" .
/QPO gra ( 00
)z dX — /Q Od1V (poit) div (p 1/51) dQ

pail}
Q.
@)

Jypuit

= /Zcodw (poif) -

@)

and then

pail}

4o+ / D iy (poit) div (oo} dO0
Q Po

Joput

* /z (Tttnje + P08 M3jx tx) e dE = 0
Conversely, let ii a function of ¢ with values in the field of the admissible displacements and verifying

(31). We obtain easily from (31)
2
O—/po ﬁ—@ Cfodiv(poﬁ) gl‘?ﬁgﬁdQ
Po Vil = grad §.
. PN 17
+/ cgdiv (poil) + Tty s + Poj.8 M3z ”n|>:} s
or
2
0= / & po lﬁ— orad <C0div (poﬁ)ﬂ iy dE
z Lo
. N a =
2. S 9
_ /): |: div (pou) + TM”‘Z +p0‘2g713‘2 u ‘Z:| %‘2 (32)
g .
—div (poif) - ¢ dQ

. —_—
| & 5 orad
/Q iv [po (u gra <po
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Taking ¢ € 2(Q) and setting
2
BN DB giy (pog,]?i <P)] ,

_>
Dy = pograd lip— —
Po

we have N
div®yg=0 in Q. (33)
Taking ¢y arbitrary and g—fm = 0, we obtain
5o T C% . - =
po |4 — grad p—dlv (poti) || =0 on X
0
B, 7i=0 on X. (34)

or

Finally, taking g—f = arbitrary, we have
codiv (00if) 5, + Ttk + 00|y § M3js tnjx = O,

i.e the dynamic condition (30). Since
2
30 =pograd¥, with ¥ =¢— ;—Odiv (pograd (p) ,
0

the Equations (33) and (34) give
oY
Erith 0. (35)

div(pogﬂi*f)zo in 0O;

This Weumann problem has for solution only ¥ = constant and consequently

2
it — grad <;Odiv (poa‘)> —0.
0

6. The problem is a classical vibration problem

We precise the field of the admissible displacements by introducing the space V:

Step 1.
- 3 - — ~ -
ie22(0) ¥ 1)) ; d=gradg ; §eH(Q); div(po) € LX(Q);
V= -
a B 7
ﬁ‘z = i1,z € H/3(Z).
equipped with the hilbertian norm defined by
2
u”‘Z’ H2(s)

I = [ po 7 a0+ [ jdiv (poit) P d2+ |

half]

and the space H completion of V for the norm associated to the scalar product
il, 1), = i - 1dQ.
(1,8) = [ po

)= [ %D div (poit) di
= —da1iv 1v
a po Po

Setting
(Poﬁ) dO +/z (Tunm + 0ol 8 M3x un\z) i,z dX,

a (17[,17
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we obtain the precise variational formulation of the problem. To find i(-) € V such that
(i, @)y +a (il, @) =0 VA€V,
Step 2.
Let us study the hermitian sesquilinear form
v (”n\ir ﬁn\z) « /z (T”n\z + P08 3]z “n\Z) )z dX

¢ is continuous on H'/2(Z) x H/2(X) and we have:

2

u .
”‘ZHHW(Z)

¢ (un‘z, unp;) > (C_z — maxpgx 8) ‘

In the following, we suppose that € is coercive, i.e
Cc 72— maxpgz § > 0

(for example, if maxpy, is sufficiently small).

1/2
Then, [% (un‘z, un|2>} defines on H'/2(%) a norm that is equivalent to the classical norm of H/2(Z).

Step 3.

In order to prove that the problem is a classical vibration problem, we use the method that is introduced
in [7]. We must prove that

a) [a (i, ii)]l/2 defines on V a norm equivalent to ||i|| ;.

b) The imbedding V' C H, obviously dense and continuous, hence compact. We omit the proof that is
strictly identical to the proof in [7], p66-68. Therefore there exists a denumerable infinity of positive real

eigenvalues wrz,:

2 2 2 2
0 < wy §w2§~~§wp§---, a)p—>+oowhenp—>+oo.
The eigenelements {ii,} form an orthonormal basis in H and an orthogonal basis in V equipped with

the scalar product (i7, ) .

To each eigenmotion {ii, } of the gas corresponds an eigenmotion {ﬁ’;,} of the elastic body verifying

=/

Up

§2c‘

El(a) u””‘ZHHl/Z(z) '
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